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Bayesian Approaches to Polyhedral Conjoint Analysis
Abstract

We develop probability models for FASTPACE (Toubia et al. 2003), an approach to
Conjoint Analysis via polyhedral optimization techniques. First, we develop atheoretical
foundation for FASTPA CE by formulating a probability model which can be used to compute
estimates identical to FASTPACE estimates. Next, via an appropriate prior for the probability
model, we develop Bayesian FASTPACE and further extend it by incorporating shrinkage (i.e.,
hierarchical version of Bayesian FASTPACE). The resulting model called GENPACE nests
FASTPACE, Bayesian FASTPACE, and Hierarchical Bayes models.

We investigate the performance of the competing models in the context of partial profile
ratings-based Conjoint Analysis. Our simulations show that Bayesian FASTPACE resultsin 8%
improvement in partworth recovery, on average, as compared to FASTPACE. Bayesian
FASTPACE also has a smaller out-of-sample prediction error than FASTPACE in area-world
data set. Finally, our simulations show that GENPACE performance improves with the
availability of more information, but it may exhibit poorer relative performance with inadequate
levels of information (e.g., few questions asked of each respondent). We conclude by suggesting
avenues for further research.

Keywords. Conjoint Analysis, Heterogeneity, Measurement and Inference, Probability Models,
Simulation



INTRODUCTION

Conjoint analysisis awidely used method for obtaining empirical estimates of
individual-level utility functions. For areview of conjoint analysis, see Green, Krieger, and
Wind (2001). In recent years, there have been continuing efforts to enhance conjoint analysis
methods and their impact. Such effortsinclude varying the experimental setting (see Ding,
Grewal and Liechty 2005), developing methods to capture how consumers impute missing levels
when presented with partial profiles (Bradlow, Hu and Ho, 2004), and accommodating
heterogeneity with different hierarchical model structures (see Andrews, Ainslie and Currim,
2002 and Rossi, McCulloch and Allenby, 1996). In all of the different variations of conjoint
analysis, the one constant is that potential consumers are asked to evaluate a set of product
profiles that are described in terms of product attributes. Specifically, they are asked to either
rate or rank a set of product profiles or to repeatedly choose between a small set of products.

The accuracy of data collected from a conjoint study would be high if individuals respond
in amanner consistent with their true preferences over the entire set of products to which they
respond; however, experience has demonstrated that is typically not the case. The process of
preference construction during the course of a conjoint task suggests that an individual’ s ratings
may contain errors and that preferences may even evolve over the course of the study. Errorsor
inconsistent answers may in fact occur often (see Liechty, DeSarbo and Fong (2005) for a
discussion). Models underlying conjoint analysis deal with inconsistent answers by
incorporating an error structure when estimating partworths. For ratings-based conjoint data,
which is the setting that we explore in this paper, two ways to incorporate error structures are the

polyhedral-based models, which introduce the minimal amount of error required to resolve any



inconsistencies, see Toubia et al. (2003), and the traditional Hierarchical Bayesian (HB)
regression models, which minimize a squared error function (Lenk et a., 1996).

Toubiaet al. (2003) proposed FASTPACE, a polyhedral optimization method for
individual-level adaptive conjoint design and for individual partworth (utility) estimation in
conjoint analysis. In adaptive conjoint, the product profiles provided to arespondent to rate are
based on the ratings given by that respondent for the previous product profiles (questions).
FASTPACE structures the questioning sequence such that the size of the feasible partworth
space isreduced as rapidly as possible. The partworth estimate proposed by Toubia et al. (2003)
isthe analytic center of the space of the feasible partworths. When answers provided by
respondents are consistent, the set of feasible partworths is non-empty, and the analytic center
can be computed directly. However, if at any time during the questioning process the partworth
space becomesinfeasible (i.e., the partworth space is empty), FASTPACE introduces the
minimal amount of error required to obtain a feasible partworth space which allows for the
computation of the analytic center. The justification for the introduction of the error isto
accommodate the preference inconsistencies of the respondent. A weakness of the FASTPACE
model isthe lack of an explicitly stated probability model for the error (see the discussion
regarding “Error Theory” in Toubiaet al (2003), pp 296-297)".

The major contribution of this paper isto present a probability model (and an associated
response error distribution) which can be used to generate estimates consistent with the
partworth estimates of FASTPACE. By using a probability model that is consistent with
FASTPACE, researchers would be able to perform model selection, hypothesis testing and other
statistically rigorous analysis of partworths. Using appropriate priors for the parameters of the

proposed probability model, we develop Bayesian FASTPACE which offers the ability to



estimate partworths via the mean of the posterior partworth distribution. Our results show that,
on average, Bayesian FASTPA CE outperforms FASTPACE in partworth recovery thus
illustrating the superiority of the Bayesian estimator over the analytic center estimator in the
context of FASTPACE.

FASTPACE offers the advantage of being able to estimate the complete partworth
function at any stage of the question sequence, where the accuracy of the estimates improves as
the number of questionsincreases. A natura alternative to FASTPACE isthe HB regression
model, which is based on a probability model with errors that are normally distributed. HB
regression “poolsinformation” across individuals allowing for estimates of population partworth
estimates (along with an associated heterogeneity distribution to account for individual-level
variations) even when there is arelatively small amount of datafor each respondent.

A second contribution of this paper isthat using the HB approach, we develop a unified
hierarchical model, called Generalized Polyhedral Adaptive Conjoint Estimation (GENPACE),
which nests Bayesian FASTPACE and HB regression under one model. In addition to nesting
Bayesian FASTPACE and HB regression, GENPACE aso nest other models including HB
FASTPACE (which allows for pooling of information across individuals) and constrained HB
regression (where we impose restrictions on partworths). From atheoretical perspective,
GENPACE illustrates the rel ationships between the various models. From an empirical
perspective, GENPACE can offer improved model performance in certain identifiable situations.

In summary, the main contributions of our research are the following: (a) we develop a
probability model for FASTPA CE thus embedding it within a sound theoretical foundation, (b)
we demonstrate that Bayesian FASTPACE generally outperforms FASTPACE in partworth

recovery, (c) we extend the Bayesian FASTPACE model to the GENPACE model, which nests



Bayesian FASTPACE and HB regression (and several variants of these models), and (d) we
demonstrate that GENPA CE performs significantly better than FASTPACE and the other models
in certain specific situations. In this paper, we focus our discussion on estimation issues (i.e.,
obtaining estimates of partworths given a set of questions and participant responses) and leave
for future research the issue of how to dynamically generate an adaptive sequence of questions
using Bayesian FASTPACE and GENPACE.

In the next section, we identify the probability model which can be used to compute
estimates consistent with that of FASTPACE and then develop the Bayesian FASTPACE mode!.
Subsequently, we develop a unifying model, termed GENPA CE, within which Bayesian
FASTPACE and HB Regression can be nested. We then assess the performance of Bayesian
FASTPACE and GENPACE relative to competing models using two simulations studies and
using the experimental |aptop data collected by Toubiaet a. (2003). Finally, we summarize our

main findings, note the limitations of our study, and point to some future directions for research.

BAYES AN FASTPACE

In this section, we first identify a probability model called Bayesian FASTPACE that is
consistent with the implicit assumptionsin FASTPACE. Subsequently, we analyze how the
maximum likelihood estimates of the proposed probability model relate to FASTPACE
estimates.

Our proposed probability model formalizes the original FASTPACE model “wrapping it”

within a probability framework. In asense, our modeling approach continues along traditionin

the academic literature of proposing probabilistic frameworks for “ad hoc” estimation



algorithms. In many research contexts, an optimization model isfirst proposed as something that
works well in practice, but without clear explanation or theory as to why it works well, or with
regards to how far the algorithm can be extended. Probably the most famous example goes back
to when Gauss (1809) proposed the Normal (Gaussian) distribution in connection with his use of
the ordinary least squares method which was originally proposed in Legendre (1805). The
obvious impact of this connection was quickly felt and it helped contribute to the foundations of
modern Probability Theory and Statistics. Inasimilar way (though not of the same
significance), the proposed probability model provides a stronger foundation for the FASTPACE
estimation algorithm.

We begin by reviewing the partworth estimation algorithm of FASTPACE. (See Toubia
et a (2003) for a discussion of the FASTPACE question design algorithm and for further details
about the associated partworth estimation process). FASTPACE starts by asking a respondent to
state which of two levels within each attribute is the least preferred. Asthe model isindividual-
specific, without loss of generality, the partworth (utility) of the least preferred level of each
attribute for arespondent is set to zero. To accommodate the optimization-based approach to
inference and to fix the interval-scale of the partworth function, the model restricts each
partworth to be less than 100. Thus, FASTPACE bounds partworths between 0 and 100. Unlike
statistical approaches (such as HB Regression, Ordinary Least Squares), FASTPACE assumes
there is no response error unless the answers of the respondent exhibit inconsistencies. In other
words, FASTPACE starts by assuming there is no response error in the answers provided by a

respondent. Thisisillustrated by the fact that in equation 1, there are no errors.

1) a=Xu

where,



X isthepx p Mmatrix that corresponds to the r— questions presented to the it

respondent,

a; isanx1 vector of thei™ respondent’s answers.

u..

. is the partworth for respondent .

When there are no errors, we can represent the set of partworths that is consistent with equation 1

and the fact that partworths are bounded between 0 and 100 as follows:

2 Sa,X;)={u |a = Xu,Oe<u, <100¢}
Where,
€. is avector of ones of appropriate dimension?.

However, if the set 5(a, , X, ) isempty then FASTPACE estimates the |east amount of response

error that needs to be introduced to obtain afeasible partworth space. Specifically, the following

optimization program allows one to obtain a feasible partworth space:

(3) min o}
(3.1 subjectto g - e<X;u <a+de
(3.2 Oe<u <100e
(3.3 0,20.
Where,
o IS response error in the answers of the respondent.

The optimization program in (3) will yield a unique solution for 5. However, there may
not be a unique solution for U; because not all constraintsin 3.1 and 3.2 may be binding. Since

questions are partial profile, some of the partworth variablesin uimay not have a unique solution



if they do not appear in constraints that bind at optimality. Therefore, the feasible set of

partworths at optimality becomes:

(4) §(ai , Xi ): {Ui | Xiui 75iFP <g < XiUi +5iFP, Oe< U SlOOE}
where,
5iFF: isthe optimal solution determined by FASTPACE using the optimization

programin (3).

To obtain aunique point estimate for partworths (u;), FASTPACE uses the analytic
center of 5(a,, X, ), Which assumesthat all pointsin s(a,, X, ) are equally likely (See Toubia et
a (2003) p. 278). The probability model we develop for FASTPACE is based on thisideathat all
pointsing(a,, X, ) areequaly likely.

The intuition behind our proposed probability model is as follows: The optimization
program in (3) and the resulting partworth set in (4) are together sufficient to also describe
partworth estimation even when no response error is introduced into the estimation process.
Specificaly, if the partworth space, defined by a. = X.u. , is non-empty then the optimization
program (3) will yield 5in =0 andtheset 5(a,, X, ) isthenidentical to 5(a,, X, )- Thus, the
optimization program (3), the partworth set (4), and the choice of the analytic center as a point

estimate together represent a complete description of the FASTPACE approach to partworth

estimation. Therefore, if there exists a posterior distribution of partworths, it must be uniform on
S(a, X, )- !f weassume auniform prior for the partworths over the regionfe<u, <100e , then

the likelihood is a uniform distribution in order for the posterior distribution to be uniform. This
suggests that the implied FASTPACE probability model has uniformly distributed errors with

specific bounds.



The imposition of bounds on response errors is consistent with the notion that thereis an
overall tendency among humans to exhibit preference consistency. Research suggests there are
strong evolutionary reasons for such consistency (Lee, Amir, and Ariely 2006; Gintis 2007, p.
10), although there are differences among individuals in the degree of preference consistency
(Stanovich et al., 2003). Thus, it is reasonable to propose a utility model where the errors that
people make in preference judgments are bounded, rather than unbounded. We now formalize
our intuition. We assume that response errors in the answers of a respondent are distributed
uniformly between symmetric lower and upper bounds. In other words let,

S a =XU+¢
where,
(6) e ~U(-d.e6.¢€)
o, > 0 isthe maximum possible error made by the respondent.

(Note: To reduce notational clutter, we “re-use” the symbol . from the linear program in (3)
above with a new interpretation that it represents the maximum error.)

The resulting probability density is:

) f(q|ui,§i,xi)=kll(xiui—5ie§q <Xu+de
where,

I (-) istheindicator function and

Xiu+o, e

ki = jda1 =(26,)" isthe normalizing constant.

i
Xiu—o,e

Given aset of questions and answers from a respondent, the likelihood equation for the model

parametersis:



(X,u,-d,e<a < X,u +5 e

(8) L(uivéi |ai’xi): I (25 )n

Maximizing the above likelihood is equivaent to minimizing . subject to the constraints
I(X,u -Se<a<Xu+de) , 1(0e<u, <100e) and 0. >0. Notice that the optimization
program to find the maximum likelihood estimate is identical to the FASTPACE optimization

algorithm outlined in (3). Therefore, 5iMLE = 5in and the space of possible partworth MLEs at
optimality isidentical to §(ai , X, ) Aswe discussed in the context of the FASTPACE

optimization algorithm, the set (g, , X, ) may not be asingleton i.e., we may have multiple

solutions for the partworth vector, all having the same likelihood value. Consequently, we need
an additional mechanism to compute a point estimate for the partworth vector®.

There exist at least two approaches to compute a ‘ reasonable’ point estimate from among
al feasible partworth vectorsin §(ai , X, )- Thefirst approach isto mimic FASTPACE and use
the analytic center and compute point estimates. Thus, we can recover FASTPACE estimates
using our probability model, which validates our claim that the probability model identified in
equations (5) and (6) represents an underlying probability framework for FASTPACE. The
second approach is to extend the maximum likelihood framework to a Bayesian context and use
the posterior mean of the partworth distribution as a point estimate. Extending the above

framework to the Bayesian context would require a suitable assumption for the priors of U, and
o, Equations (9) and (10) give the full conditional posterior distributions for U, and &, if we
choose very uninformative priors (e.g., an uniform distribution over | (ge<uy, <100e) for u, and

uninformative gammavprior for &)

9) fu ) « I(a-de<Xu <a+del(0e<u <1008)

9
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l(0,exa - Xu) l(6ex Xy —a)l(5ex0,)

To see the difference between the analytic center and the Bayesian approaches to

computing point estimates, consider the full conditional posterior distribution for . asgivenin
equation (10) above. Notice that the support of the posterior distribution is given by

l(0.e>a - X.u)l(se>Xu -a)l(sex0) conditioned on u,. Therefore, the lower bound
of the unconditional posterior distribution for & can be computed by minimizing & subject to
the constraints 11(gie>a, - X;u;) | (5;e> Xu; —a,)1(5ex0) and | (0e<u, <100e) -We
include the restriction |(pe<uy, <100e) in the optimization program as the support of the
posterior distribution in equation (10) is conditioned on U The optimization program we just
formulated to find the lower bound of the unconditional distribution for & isidentical to the
FASTPACE optimization algorithm outlined in equation (3) above. Thus, the lower bound of the

unconditional posterior distribution equal s5iFF. Therefore, the analytic center approach to
computing point estimates computes the least possible error bound (i .e.,5iFF) and then uses the

concept of the analytic center to compute a point estimate for the partworth vector given 5iFF. In
contrast, the Bayesian approach to computing point estimates for the partworths involves
sampling over the entire support of the posterior distribution for u, and &

In our empirical analysis, we explore the impact of estimating U, and &, viatheir

respective posterior means, instead of using FASTPACE point estimates (i.e., estimates based on
the analytic center) on partworth recovery and out-of-sample predictions.

10



GENPACE

In this section, we develop the GENPACE model by incorporating el ements from both
Bayesian FASTPACE and HB Regression models. We start by noting three points of difference
between Bayesian FASTPACE and HB Regression models. First, Bayesian FASTPACE
assumes that the response error distribution is a bounded uniform distribution, whereas HB
Regression assumes that response error is an unbounded normal distribution. Second, Bayesian
FASTPACE imposes the restriction that partworths are bounded between 0 and 100 whereas HB
Regression does not impose any restrictions on partworths. Third, Bayesian FASTPACE does
not incorporate partworth shrinkage whereas HB Regression shrinks partworths toward the
population mean. We develop GENPACE by incorporating the appropriate assumptions that
serve to provide a common framework within which the differences between the various models
can be accommodated. We start by assuming that the response error has a bounded normal

distribution:

<6,

€)

(11) & ~N(0,6°1) I(-0e<e,
We emphasi ze two points with respect to the above assumption: (1) The response error
distribution in (11) reduces to a bounded uniform distribution if we se'to-i2 — o0 ;adistribution

that we used to develop Bayesian FASTPACE (see equation 6). (2) If weset 5, —» o then the

distribution reduces to an unbounded normal distribution, and it is consistent with HB regression.
Thus, the bounded, normal response error distribution outlined above is a generalization that

accommodates both Bayesian FASTPACE and HB regression in one framework. We

11



accommodate the difference in partworth restrictions (“ bounded between 0 and 100" vs
“unrestricted”) by imposing restrictions on partworths as follows:

(12) Ib<u <ub

We can accommodate FA STPA CE partworth restrictions (i.e., the restriction that partworths are
bounded between 0 and 100) by setting Ib=0e and ub=100e . Settinglb=—0 andub=o0
makes the partworths unbounded thus accommodating HB regression. Finally, we accommodate
the option to shrink partworths by assuming that

(13) Ui ~N(@2)1(Ib<u; <ub)

If we do not want to apply shrinkage to the partworths, thenwecan set s —» « . Incorporating
assumptions (11), (12) and (13) and selecting suitable priors as given below compl etes the
GENPACE specification:

Data Generating Process

(14) a =XU +¢
(15) g ~N(0,6°1)I(-de<e <de)

Shrinkage Specification

(16) Ui ~N(@,2) 1 (Ib<uj <ub)
an o2 ~N(@®r)1(c?>0)
Priors

(18) I~ st

(19) 0~N(@y V1)
(20) ot~ N(?,Tz)

12



(22) 4, ~Ganma(st, ;)

The full conditional densities for the GENPACE model are:

(22) f(u|-)~ N([osziTXi wLZ’l]_l[o-i’zxiTai +Z’1U], [O'fzxiTXi +z*1]‘1)
I(a —s,e< X,u <a +5e)l(lb<u, <ub),

@ 101 )rep o 00, -0, [Tk02)en -0 05 -

(24)

@) tlor1)e K2<5,az>exp{ oo’ Jexp( oxufla-nu) )

(26) f(? | —)oc I1 KS(TZ,?)GXD[ 6‘22:;2 J

Sow -1
(27) f(5 |-) e K2(5i,ai2)[§ij exp[_;CA} I(a —d,e<Xu <a +4,€)
Where,

—\T «-1 _
@ e | s,
{ui:1 (Ib<u; <ub)} (272') D‘Z‘ '

(29) Kalsi,07)- [@[i} - @{— o J_n
(30) Kg(#,?j_[l_cp[_% b

(Note: In equations (29) and (30), a( ) represents the cdf of aunivariate normal with mean 0

and variance 1. Also, the normalizing constant specified in (28) is a multivariate normal

13



cumulative distribution function. We use an algorithm developed by Genz (1992) to calculate
this constant).

Estimating the parameters of GENPACE is non-trivial. As pointed out by Boatwright et
al. (1999), the parameters of the normal truncated distribution is technically identified but can be
empirically unidentified, especially with asmall dataset. Thus, the priors for the parametersin
GENPACE have to be specified carefully in estimating GENPACE. The appendix summarizes
the technical details covering such topics as specification of prior, reasons for shrinking response
error variance, and estimation strategies for GENPACE. In the appendix, we explain the
similarities and differences between our approach for dealing with issues of empirical
identification with the approach proposed by Boatwright et a (1999). We also provide details
regarding how we implemented GENPACE to assess its relative performance in simulations as
well asin an empirical application using the data collected by Toubia et al (2003).

Table 1 and Figure 1 summarize the parameter restrictions that need to be imposed in
GENPACE to recover estimates from different models. Table 1 provides a summary of the full
conditional densities for the partworths and Figure 1 give the summariesin terms of probability

model and priors’.
[Insert Table 1 here]

[Insert Figure 1 here]

THE EMPIRICAL PERFORMANCE OF BAYES AN FASTPACE AND GENPACE
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We have two main goalsin evaluating the empirical performance of the Bayesian
FASTPACE and GENPACE models. First, we want to assess the potential benefits of using
Bayesian posterior mean, instead of analytic center, for the partworth point estimates.
Understanding the relative value of Bayesian approach versus the analytic center approach is
valuable for both theory and practice. Second, we want to assess the conditions under which the
added complexity of GENPACE is necessary to recover partworths accurately. While the
theoretical nesting of various models such as FASTPACE, Bayesian FASTPACE, HB
Regression etc within GENPACE is appealing, it is also important to assess the empirical
performance of GENPACE as compared to simpler models.

We evaluated the empirical performance of FASTPACE, Bayesian FASTPACE, HB
Regression, Constrained HB Regression and GENPACE using two simulations and also using
the laptop data collected by Toubia et a (2003). Table 2 summarizes the key properties of the

various models we evaluated:
[Insert Table 2 here]

In the first ssimulation, we explore the relative performance of the different modelsin
recovering the true partworths. In the second simulation, we do a more detailed assessment of

GENPACE s ability to recover the true parameters (including ©; and partworths) under a

broader set of conditions than in ssmulation 1, so that we can explore the conditions under which
the added complexity of GENPACE is needed to recover partworths accurately. Finally, we
present and discuss the results from applying the models to the laptop dataset.

Smulation 1: Relative Performance of FASTPACE, Bayesian FASTPACE, and The Other

Competing Models

15



To compare the empirical performance of the various models summarized in Table 2, we
used an experimental design that is similar to the one reported in Toubia et al. (2003). We
generated questions for the simulations using FASTPACE? for 100 respondents for a product
with 10 attributes and 2 levels per attribute. We varied the number of questions (
n=8 16,32 and100 ), the partworth heterogeneity (2=1000  or 900 | ) and the standard
deviation of response error distribution (g; =200r40 ). The size of the bound on response error
was set to 1 standard deviationi.e., weset 5. = ¢ . Tables 3 and 4 summarize our experimental
design.

[Insert Table 3 here]

[Insert Table 4 here]
Thus, we had 16 experimental conditions and estimated parameters for 20 sets of synthetic data
for each experimental condition. Table 5 summarizes the simulation results. Specifically, we
report the RM SE average (across the 20 replications) and the corresponding standard deviation
for partworths for all the competing models.

[Insert Table 5 here]

We can draw the following conclusions based on the simulation resultsin Table 5.

Conclusion 1: Bayesian FASTPACE recovers partworths better than FASTPACE. The proposed
Bayesian FASTPACE model offers, on average, a performance gain of about 8% compared to
the original FASTPACE mode!.

Thereisasimple explanation for the superior results from Bayesian FASTPACE. Aswe

discussed earlier, FASTPACE finds a corner solution for &;. Therefore, when the true response
error is abounded distribution, FASTPACE's estimate of & ; is typically an underestimate of the

16



true bound which hurts partworth recovery. In contrast, Bayesian FASTPACE samples over the

entire posterior distribution of &; resulting in a better estimate of the bound on response error

which helps partworth recovery. The above finding illustrates the superiority of Bayesian
estimation as compared to analytic center estimates which is an interesting conclusion from a
theoretical perspective. From a practice perspective, our results indicate that it is better to use the
Bayesian FASTPACE to estimate partworths, instead of FASTPACE, at least when response

errors are bounded.

Conclusion 2: GENPACE is better at partworth recovery than all the competing models when
respondents are relatively homogeneous and response error is high, and this performance

improvement occurs irrespective of the number of questions asked (low, moderate or high).

This finding suggests that, under specific conditions, there is an incremental benefit to
using GENPACE instead of the competing models such as FASTPACE, Bayesian FASTPACE,
HB Regression, or Constrained HB Regression. Thisresult is useful for applications because in
most situations we are able to ask each respondent only afew questions, due to limited time of

surveys and potential respondent fatigue.

Conclusion 3: When respondents are heterogeneous, or when respondents are homogeneous and
response error islow, GENPACE performs relatively poorly as compared to Bayesian
FASTPACE in situations with fewer questions. However, GENPACE dominates Bayesian

FASTPACE as the number of questions becomes large (100 in our simulation).
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The reason for the relative poor performance of GENPACE when we have fewer
questions is that often GENPACE needs a large number of responses to get a good estimate of

O, the maximum possible error made by arespondent i. This conclusionis mainly of

theoretical interest because in practical contexts, we are interested in model performance where
we are able to ask each respondent only a few questions.
Smulation 2: Recovery of GENPACE Parameters

The primary objective in the second simulation isto more closely evaluate the
performance of GENPACE. Recall that GENPACE nests the other models, and its empirical
performance should be superior to the other models if we have the luxury of asking respondents
alarge number of questions. Simulation 1 provided some insights on GENPACE’ s ability to
recover true partworths. In the second simulation, we do a broader assessment of GENPACE’s

ability to recover both &; and the partworths. Following are the details of the steps used to

generate our simulation data:
Generate a random vector of average partworths, g ~ N(0,251 )
Generate y, ~ N(1, 201)

Generate ; ~ Gamma(20,05) .Thus, E(§)=10 andV(5)=5 .

A WD P

Generate response error using ¢, ~ N(0,200)1(-5 <& <5,) . Inview of steps 3 and 4,

the maximum response error was on average equal to one standard deviation (i.e.,

E()=0, )

5. Generate covariates (except for the covariate associated with the intercept term) from a
N(0, 1) distribution.

6. Compute, y. =X.U +e¢

Table 6 summarizes the results from our simulations. We report the true partworth mean

vector, the corresponding GENPACE estimate; RM SE for individual partworths, partworth

18



means, the true mean and variance of ¢ and the corresponding GENPACE estimates. A key
conclusion from this simulation is that as the amount of information available for estimation
increases (i.e., more respondents and/or more questions), the performance of GENPACE
improves. Thisis reassuring and shows that GENPACE isawell formed model that is
identified.

[Insert Table 6 here]
Laptop Data: Empirical Performance of GENPACE With the Laptop Data

Toubiaet al. (2003) collected data for a conjoint analysis study to predict consumers
preferences for various laptop bags. Their data were extensive and covered a range of question
design algorithms (e.g., FASTPACE guestion design, random design) and data collection
enhancements (e.g., self-explicated data). For testing Bayesian FASTPACE and GENPACE, we
restricted our attention to data that were generated using the FASTPACE question design
procedure, and we chose not to use the Self-Explicated data for our estimation.

Intheir study, Toubia et al. (2003) collected data from 88 respondents for a laptop design
which had 10 attributes, each with two levels (e.g. price, color, size). FASTPACE sequentially
generated partial-profile paired-comparison questions, based on the respondent’ s ratings. These
guestions and ratings were then used to estimate individual-level parameter estimates. After
rating 20 paired comparisons, there was a hold out task in which the respondents were asked to
rank-order five laptop bags that they had not seen before. Using either 8 or 16 questions, Toubia
et a. (2003) assessed model performance based on the rank-order correlation between the actual
ranks provided by the respondents and the ranks predicted by the respective model. We
replicated the above analysis with the laptop dataset and computed the rank order correlations for

the five models we chose to comparei.e., FASTPACE, HB Regression, GENPACE, Constrained
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HB Regression, Bayesian FASTPACE. Table 7 reports the relative performance of various
models using the hold-out sample of the laptop dataset.
[Insert Table 7 here]

Two points emerge from the above analysis. One, Bayesian FASTPACE isat least as
good as FASTPACE with respect to the hold-out sample, with its predictions being more
accurate than FASTPACE when we have 8 questions. At the same time, hold out performance
of GENPACE isworse than the other three models (FASTPACE, Bayesian FASTPACE and
HB). Also, the performance of GENPACE relative to FASTPACE and Bayesian FASTPACE
degrades as the number of questionsincreases from 8 to 16. The relative inferior performance of
GENPACE suggests that for the laptop data, a uniform response error distribution islikely to be
the appropriate choice. Overall, the above results justify the value of using Bayesian
FASTPACE, instead of FASTPACE, to estimate partworths for ratings-based conjoint data.

The results from our two simulations and the laptop data attest to the value of using a
Bayesian approach to estimating partworths when we use the polyhedral Conjoint Analysis for
generating question sequences. Recall that our focusis on partworth estimation, and the question
sequenceis still being generated by FASTPACE. All that we do isto add a Bayesian approach
to estimating partworths from the responses obtained from respondents. The fact that Bayesian
FASTPACE performs better than the traditional FASTPACE estimation in our study shows that
estimates based on posterior mean, instead of analytic center, generates more accurate partworth
estimates from the FASTPACE model. Our results for the GENPACE model attest to the value
of the Bayesian approach in a broader set of contexts than just FASTPACE. By incorporating
shrinkage, we can get more accurate estimates of partworths from Conjoint ratings data.

However, this improvement in performance from using GENPACE comes with a cost — the
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number of questions to be asked of the respondent increases, especially when response errors are

likely to be small.

SUMMARY AND CONCLUSONS

For ratings-based conjoint data, which is the setting explored in this paper, there are
currently three ways to incorporate error structures: (1) the polyhedral-based models, which
introduce the minimal amount of error required to resolve any inconsistencies (see Toubiaet al.
2003), (2) the traditional Hierarchical Bayesian (HB) regression models, which minimize a
squared error loss function (Lenk et al., 1996), and (3) machine-learning based methods that
offer the ability to estimate nonlinear preference functions while accommodating response error
(Toubiaet al, 2008). We extend our understanding of the polyhedral-based approaches by
showing that we can obtain superior point estimates by using a probability model with a bounded
response error distribution, where the bound is symmetric and the error is uniform between the
bounds. Aswe had indicated earlier, from atheoretical perspective, thereis good reason to
impose bounds on the errors (although the researcher, or even the respondent, may not know the
exact value of the bound) to accommodate the notion that people tend to exhibit preference
consistency.

We accommodate the differing assumptions underlying Bayesian FASTPACE and HB
Regression by proposing a unified model called GENPACE. We demonstrate how GENPACE
nests various models, including Bayesian FASTPACE, HB Regression, and Constrained HB

Regression.
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For the laptop data, originally collected by Toubia et al. (2003), we find that Bayesian
FASTPACE performs at least as well as FASTPACE and isin fact better than FASTPACE when
the number of questionsislow, a situation of particular interest in practice. Based on our
simulation studies, we conclude that Bayesian FASTPACE outperforms FASTPACE and that
GENPACE outperforms all models including Bayesian FASTPACE when respondents are
relatively homogeneous and when response error is high. However, when we do not have
adequate number of responses GENPA CE performs relatively poorly as compared to Bayesian
FASTPACE; e.g. when respondents are heterogeneous, or when respondents are homogeneous
and response error islow. In summary, our results show that Bayesian approaches are superior to
maximum likelihood approaches to estimating partworths in the context of FASTPACE, where
response errors are bounded.

There are several limitations of this study which may offer opportunities for further
research. From an empirical perspective, Bayesian FASTPACE can only be used for ratings-
based conjoint analysis. A natural extension would be to consider appropriate link functions for
choice-based polyhedral conjoint analysis. Note, however, that both ratings-based and choice-
based conjoint models predict equally well on holdout data, but ratings-based conjoint models
may be particularly appropriate if the researcher islooking to segment customers based on their
stated preferences (Elrod, Louviere, and Davey 1992).

From the perspective of experimental design and sequential question generation, we only
focus on the estimation aspects. It is also important to explore the relationship between question
design using Bayesian FASTPACE and the question design algorithm of FASTPACE.
Following this line of investigation, enhancing GENPACE to allow for generating adaptive

guestionsis a potentially interesting and useful avenue for future research. For example, one
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possible approach to selecting the next question presented to the respondent is by minimizing
expected preposterior predictive error. More generally, there may be opportunities to develop
adaptive question design and estimation approaches that minimize endogeneity bias (Liu, Otter,
and Allenby 2007).

From an empirical perspective, estimating partworths accurately using GENPACE isa
challenge. It would be useful to assess the potential value of incorporating empirically derived
priors and/or self-explicated priorsto improve GENPA CE estimates, especially with respect to
out-of-sample predictions. For example, as a study progresses, the ratings provided by the initia
set of participants could be used to derive the empirical priorsfor later respondents. Another
empirical analysis worth considering is a more comprehensive simulation-based assessment to
specify finer-grained conditions under which it would be valuable to use GENPACE. In
particular, it would be worthwhile to explore the performance of GENPACE over a broader
range of experimental factors and factor levels, over a broader set of performance measures, and
over abroader set of distributions for generating simulation parameters. Such a simulation
experiment would not invalidate the findings of this paper; rather, it would add texture to the
results we have aready reported.

In sum, we hope the paper has helped generate insights about the potential value of
combining two modeling strategies for Conjoint Analysis, namely the optimization based
FASTPACE agorithm and the statistically-oriented Hierarchical Bayes regression model. More
generally, we hope that our approach points the way to combining optimization-based and

probability-based modeling approaches in future research.
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FOOTNOTES

! Toubiaet al. (2007) incorporate an error structure in the context of polyhedral approaches to
discrete choice conjoint. They accommodated response errors in polyhedral discrete choice
conjoint by assuming a mixture distribution over the choices that are available to a respondent.
This approach is reasonable for accommaodating response error in discrete choice conjoint, but is
not appropriate in the context of ratings-based conjoint where ratings are assumed to be a
continuous measure of a consumer’s preference. Our focus in this paper is on ratings-based
conjoint with continuous measures of preference.

% We use e to denote a vector of ones throughout the paper with the understanding that its
dimension is appropriate for the context in which it is used.

% The issue of multiple maximum likelihood estimates for a parameter is similar to the problem
of multiple Nash equilibriain game theory. To select a specific point estimate from all possible
MLE estimates, we need an additional criteriato select one of the MLES as a point estimate, just
as game theorists need additional selection rulesto select a specific equilibrium from all possible
equilibria

* In the context of adaptive designs there has been some recent discussion in the literature about
endogeneity bias and potentia violation of the likelihood principle by statistical models (Liu,
Otter, and Allenby 2007). Bayesian FASTPACE and GENPACE do not violate the likelihood
principle as the specifics of the question generation algorithm are not part of their respective
likelihood functions.

> We used the software code developed by Toubiaet a. (2003), suitably modified, to implement
FASTPACE question design for our simulations.
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Tables

Model Name Partworths Density Parameter
Restrictio
ns
0, =
Individual . . b= —o0
Level OLS N{xrx Plxral.of xrx ) Ub > o
X
Ib=0e
Bavesian ub=100e
FzySTPACE (3 -desXu <a+dg 1(0e<u <1008 )
o — o
Yoo
f(u|-)xcl(a -0e<Xu <a +0e) [(0e<u <100e) Ib = Oe
HB —y a — ub=100e
FASTPACE exp _(Ua ~u) 5 -u)
2 ol > ®
0, >©
HB regression N{orzxrx, + 221 [xTa + =], [or2 X7 %, + 5] b - 0
ub — o0
0, > o
Constrained N([afzxfxi +22 ] xTa + =], [or2x] X, +2*1]’1) Ib=0e
HB regression | (Oe<u <100e) ub=100e
GENPACE (our Ib=0e
implementation) N([a(zxfxi +2’1]71[Xf«’% +zflﬁ], [o72XT X, +2—1]*1) ub =100e
I(a —d,e< X,u <a +0,€ |(0e<u, <100e)
GENPACE 2N T Aty T T 2T ]t Not
N([ai XX+ X7 a +=u], [or2xT X, + =] ) Applicable
I(a, —o,e< X,u, <a +0,€) I(lb<u <ub)

Table 1: Thistable summarizes the partworth full conditional densities for various probability
models that can be specified using the GENPACE model.

27



Model Name Partworth Partworth ResponseError | Partworth
Estimation Restrictions Distribution Shrinkage
FASTPACE Analytic N/A
Center
Bayesian Bounded between Bounded, No
FASTPACE 0 and 100 Uniform
Constrained HB )
Regression Posterior Unbounded,
HB Regression Mean None Normal Yes
Bounded between Bounded,
GENPACE 0 and 100 Normal

Table 2: Properties of alternative models

Simulation Variable Value
No of Attributes 10
No of Respondents 100
Partworth Mean 50

No of replicates per experimental cell 20
Bound on response error distribution 1

Table 3: Variables whose values were fixed in the experimental design

Simulation Variable

Values Investigated

Standard Deviation of Partworths

10, 30

Response Error Standard Deviation

20, 40

No of Questions

8, 16, 32 and 100

Table 4:

Experimental variables whose values were manipulated (as shown in the table)
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RMSE of B, (Std Dev of RMSE in parenthesis)

Mo of Partworth | Response Error | FASTPACE Bayesian  HB Regression  Constrained GEMPACE
Questions | Heterogenity Std Dev FASTPACE HB Regression

8 10 20 8.02(0.15)  7.80(0.21) 8.99 (0.22) 9.44 (0.97) 9.84 (1.29)
16 10 20 6.22 (0.10)  5.88(0.09) 5.84(0.38) 6.75 [1.22) 6.96 {0.36)
32 10 20 3.92(0.11)  3.73(0.08) 3.75 (0.18) 3.83 [0.46) 3.70{0.16)
100 10 20 1.58 (0.06)  1.56(0.06) 2.07 {0.06) 2.07 [0.05) 1.53 {0.05)
8 10 a0 14,18 (0.47)  12.02(0.23)  15.58 (1.13) 13.31(1.55) 11.11 (0.53)
16 10 a0 12.46(0.31)  10.34(0.30)  8.91(0.23) 11.05 (2.00) 9.18 {0.64)
32 10 a0 7.91(0.19)  7.36(0.20) 7.5(0.25) 10.31 {2.04) 7.15 (0.48)
100 10 40 3.17(0.08)  3.08(0.07) 4.01(0.25) 4.14 (0.45) 2.89 (0.09)
8 30 20 11.74({0.40) 12.10(0.29)  15.65(1.32) 14.5 (0.74) 17.23 {0.68)
16 30 20 6.05(0.18)  5.69(0.12) 5.87(0.13) 5.75(0.17) 7.43(0.72)
32 30 20 3.84 (0.13) 3.63(0.11) 3.94 (0.10) 3.88 (0.10) 3.78(0.18)
100 30 20 1.61(0.04)  1.53(0.04) 2.12 (0.04) 2.10 {0.05) 1.52 {0.04)
8 30 40 17.12(0.63) 15.32(0.37)  20.62 [1.95) 17.06 (1.36) 17.71 (0.67)
16 30 a0 11.85(0.42)  10.40(0.30)  11.74 (0.68) 12.3 (L.02) 13.72 (0.50)
32 30 a0 7.65(0.24)  6.96(0.19) 7.62(0.24) 7.68 [0.28) 7.79 {0.43)
100 30 a0 3.17(0.11)  3.00(0.09) 4,17(0.12) 4,13 {0.12) 2.98 {0.10)

Table 5: Simulation results comparing relative performance of competing models.
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GENPACE

No of No of True Partworth Estimate of BMSE of FMSE of | RMSE of |True Mean|Mean of Genpace |True Variance| Variance of Genpace
Respondents | questions Mean Partworth Mean| Parworths Delta of Delta |Estimates of Delta| of Delta Estimates of Delta
Partworth Mean
10 10 3.76 4.27 517 2.69 432 9.82 5.69 2.96 234
-143 0.64
-6.33 -10.69
425 5.02
1.19 -0.43
10 25 -4.30 -6.04 3.55 122 2.53 10.57 8.20 3.39 234
117 -1.80
-2.73 -3.36
107 134
281 2.89
50 10 3.23 2.59 1.64 265 5.08 9.89 5.07 4.24 252
10.02 10.78
432 3.23
-0.22 -0.89
-2.10 -8.82
50 25 032 1.13 1.27 1.13 2.56 9.98 7.61 395 235
-2.05 -2.17
-7.87 -7.21
-0.66 0.05
6.95 6.94
50 30 552 536 130 0.74 146 1041 914 6.39 471
-0.57 0.18
-3.05 -2091
0.79 0.70
135 0.32
150 10 -0.74 -0.88 1.11 281 546 10.21 5.11 3.60 347
2.50 232
-1.89 -2.30
-4.37 -4.83
-4.12 -3.23
150 25 -8.59 -8.29 0.59 1.24 2.51 9.94 7.69 4.88 275
5.04 4.55
1.63 153
10.53 10.65
0.51 042
150 100 376 6.12 0.78 043 0.76 995 931 457 349
4.14 3.78
-4.76 -4.19
-4.64 -4.60
-5.10 -4.97
250 10 -342 -2.75 0.88 281 5.28 10.10 5.13 437 338
-12.06 -12.44
-2.71 -2.36
4.94 4.70
3.09 3.02
250 25 -1.83 -1.75 0.34 1.28 2.52 10.01 7.74 4.99 307
1.13 131
-2.17 -1.93
228 227
3.99 3.86
250 100 -9.92 -991 025 041 0.75 990 923 379 313
273 2.69
433 444
-9.99 -10.07
-0.97 -1.18

Table 6 — Summary of GENPACE parameter recovery
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Bayesian HB Constrained HB
No of Questions | FASTPACE | FASTPACE Regression Regression GENPACE
8 0.59 0.62 0.61 0.55 0.59
16 0.68 0.68 0.66 0.58 0.65

Table 7: Rank order correlations between the actual ranks provided by respondents and
predictions by various models for the |aptop dataset
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Figures

GENPACE
a,=Xu, +&,. &~NO ¢ DI(-Se<s, <5,
u, ~ NQ.EZ) I(Ib <u;, <ub)

Ib=0e, ub=100e 3, » w0 [b—>—w ub—>+wm

GENPACE — Our Implementation
@ =Xu +&,. g ~N0O o I-de<s, <)
u; ~ N, Z) I{0e<u, <100e)

HB Regression
a,=Xu, +¢&,. & ~N(0, 1)
u, ~ N(T, %)

Individual Level OLS
a,=Xu, +¢&,,

£ ~ N, 6. 1)

Constrained HB regression
a,=Xu, +5,. & ~N0 D)

i

u; ~ N(T,Z) I{0e <u; <100e)

HB FASTPACE
a, =X, +&, g ~Ul-0d,e0€)
u; ~ NI, Z) I(0e <u,; <100e)

Bayesian FASTPACE
a;,=Xu, +¢e,, & ~U(-d,ed.e)
u, ~U(u,; -0e<u; <100e)

Figure 1: Graphical representation showing how GENPACE nests the other derivative models
with respect to parameter restrictions. This figure shows the additional parameter restrictions that
need to be imposed to go from a given model to its corresponding derivative model(s).
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Appendix
1. Prior Structures for GENPACE

Our experience implementing GENPACE indicates that unless the priors for o, “are
chosen carefully, the individual variance terms o, g may go to infinity, something that occurs

because of the very flat tails of the full conditional distribution of o, “when o, isfinite. Our

experience is consistent with that of Boatwright et a (1999) where they encounter situationsin
which parameters of the truncated normal distribution are empirically unidentified with small
data sets. The solution adopted by Boatwright et a. was to impose restrictions on the

normalizing constant such that the MCM C sampler does not accept very high values for the

variance parameter o, ‘. We adopt a two-pronged methodology to address the identification
issue with respect too, ‘. Fi rst, we shrink o, ¢ and second, we impose upper bound restrictions
on acceptable draws of o, 2, which is philosophically consistent with the approach of Boatwright

et al., who implicitly impose constraints on o, 2by imposing restrictions on the normalizing

constant (see Boatwright et al, 1999 for details of their procedure). Details of our restrictions are

outlined in the next paragraph.

To avoid excursions of individua o, * towards infinity, we have to choose the priors for

o g carefully. We found that by placing arather large bound on how spread out the o, “scan
become, or by including strong subjective beliefs on the variance of the variances, the model was
able to mix and perform well. To simplify calculations, we assumed that o, “followed a
truncated normal (strictly positive), with a mean that has vague priors and a variance that is equal

to apoint mass. (Given the tendency for the o, *sto head to infinity, this would be equivalent to
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having the variance follow a uniform on 0 to an upper bound, where the upper bound equaled the

point mass). For example, we found that by setting the point mass at 10 times the variance of

posterior estimates of variance of the o, 2s, (which came from individual HB models with vague

priors) we were able to stop the excursions of individua o, * towards infi nity and recover

GENPACE model parameters. Hence, to ensure that our model can recover the true parameters

with vague (uninformative priors) we used the following prior structures.

% ~ N(o-z,lO\/ar (ai?HB)) | (aiz > o) , with 52 - N(Mean(aﬁHB)lo,OOO)

The prior structures for the remaining parameters of the model are givenintable A1

Prior P_arameter Vaue
0~ Normel 7, V) {J,z" g’om
1 " R_l I
Z *\MShart(R ,d) C 11
SC. 10°
i~ Gamwa(% ,Spa,) P. 1

Table Al: Priorsfor o, = " and S,

2. Rationale for Shrinking Response Error Variance

From atheoretical perspective, shrinking response error variance is not required for
unifying Bayesian FASTPACE and HB Regression within GENPA CE formulation. However,
our experience with estimating GENPA CE indicates that without shrinking response error

variance we would need alarge number of questions to recover .. Therefore, we include an
option for shrinking response error variance in GENPACE to obtain robust estimates of &.

3. Proposal Distributions

We used the slice sampler (see Damien, Wakefield and Walker, 1999 for details about the

slice sampler) to generate draws from the full conditional distributions of u; and aiz and used
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the Metropolis-Hastings algorithm to sample from the full conditional distributions of Tr, =,
02 and &, We drew proposed samples for the Metropolis-Hastings algorithm by means of

random-walk proposals as shown by the table A2 below:

Parame | Proposal
ter
a = = 2
Upoposed ™ NUourent 7 1)
>-1 g1
Z—l ~W Current 0+ 11
Proposed [ p N 11 ,0 ]
2 — 2
o 2 0" Current
o ~G0+2,—————
Proposed [ 0+2 ]
O
: 3 proposed N(‘Si,Current:772)| (5, Proposed®2 XiUi =8 )1 (6 proposer & — XiUi)

Table A2: Random walk proposals for GENPACE
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